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Abstract 

In this paper we study the local behavior of a solution to second 
order elliptic operators with sharp singular coefficients in lower order 
terms. One of the main results is the bound on the vanishing order 
of the solution, which is a quantitative estimate of the strong unique 
continuation property. Our proof relies on Carleman estimates with 
carefully chosen phases. A key strategy in the proof is to derive dou- 
bling inequalities via three-sphere inequalities. Our method can also 
be applied to certain elliptic systems with similar singular coefficients. 

1 Introduction 

Assume that Q is a connected open set containing in M. n for n > 2. Let 
P(x, D) = J2j k a jk(x)DjDk be an elliptic differential operator in Q such that 
Ojjfc(O) is a real symmetric matrix and a,jk(x) is Lipschitz continuous in Q, 
where Dj = d/dxj, j — 1, • • • ,n. Note that djk(x) could be complex valued 
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at x 7^ 0. In this paper we consider the following second order differential 
inequality: 

\P(x,D)u\ < — l -r\u\ + in fi, (1.1) 

\x\ z \x\ 

where C2 is sufficiently small. Before proceeding to the main discussion, we 
want to point out that restrictions described above are necessary. It is well 
known that the Lipschitz smoothness requirement on is minimal for the 
unique continuation to hold [TT] . Counterexamples given by Alinhac [2] show 
that the restriction of ctjj(0) being real is necessary for the strong unique 
continuation. On the other hand, regarding the constant C2, the strong 
unique continuation fails for (II. ip if C2 is not small, see [3] and [33] . Finally, 
simple counterexamples also show that the singular coefficients on the right 
side of (11.11) are sharp for the strong unique continuation. Under the same 
assumptions, the strong unique continuation property for (11.11) was proved by 
Regbaoui [15]. But Regbaoui did not give any quantitative estimate on the 
vanishing order of u satisfying (II. ip . This is our main goal in this work. The 
development of qualitative unique continuation property has a long history. 
We do not intend to give a summary here. We refer to the paper [10J and 
references therein for more details. 

Concerning about the quantitative estimate of the uniqueness for partial 
differential operators, we would like to mention several related works. Us- 
ing the frequency function, Garofala and Lin [5J, [BJ derived a quantitative 
version of the strong unique continuation for strongly second order elliptic 
operators. In [5J, they also considered \x\~ 2 potentials but without first order 
terms. In [BJ, they studied full lower order terms with certain singular coef- 
ficients, but they are not sharp. Also in [TT] . Kukavica used the frequency 
function to prove the maximal vanishing order of solutions to the strong sec- 
ond order elliptic operator with essentially bounded potentials. Our method 
in this paper is different from those in [5J, [BJ, and [TT]. Our key tools are 
Carleman estimates. Besides of the difference in method, the differential op- 
erator P(x, D) in (11.11) is only elliptic and the coefficients on the right hand 
side of (11.11) are strongly singular. None of [5J, [BJ, and [TT] dealt with the 
equation as (11.11) . 

On the other hand, Donnelly and Fefferman [T] applied Carleman's tech- 
nique to derive the maximal vanishing order of the eigenfunction with respect 
to the corresponding eigenvalue on a compact smooth Riemannian manifold. 
Also, in [12], Lin applied the Carleman estimate proved by Jerison and Kenig 
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[H] to derive a quantitative estimate of the strong unique continuation prop- 
erty for the Schrodinger equation with L^ 2 potential. However, the methods 
in [1] and [12] can not be applied to (II. ip with strongly singular coefficients. 
The difficulty lies in the fact that all Carleman estimates used to treat the 
strong unique continuation contain only polynomial weights, which are not 
"singular" enough to handle sharp singular coefficients in the lower deriva- 
tives. In this work, we overcome this difficulty by deriving three-sphere in- 
equalities using slightly singular than polynomial weights. Then we proceed 
to derive doubling inequalities and the bound on the vanishing order of the 
solution to (11 .ip by applying three-sphere inequalities recursively. 

In this paper, for brevity, we only consider the scalar second order elliptic 
operator. But our method can also be applied to the case where P(x, D) is 
an elliptic system as 

P(x, D) = diag(Pi(ar, £>),-•• , P e {x, D)), 

where Pj(x,D), j = 1, • • • ,£, are second order elliptic operators with Lips- 
chitz coefficients and satisfy that Pj(0,D) = ■ ■ ■ = P e (0,D) with real sym- 
metric coefficients. All methods mentioned above do not seem to work in this 
general case. Finally, we would like to mention that quantitative estimates 
of the strong unique continuation are useful in studying the nodal sets of 
eigenfunctions [I], or solutions of second order elliptic equations [TJ, [13], or 
the inverse problem [1J. The main results of the paper are summarized as 
follows. Assume that Br C Q. 

Theorem 1.1 There exists a positive number R\ < 1 such that if < r\ < 
f2 < ^3 < -Ro and ri/r 3 < r 2 /r 3 < R\, then 

\u\ 2 dx < C ( ! \u\ 2 dx) ( j \u\ 2 dx) (1.2) 

x\<r-2 \y|rr|<ri / \^|x|<r3 / 

foru G ff 1 (-B^ ) satisfying (11.11) in B Ro , where C and < r < 1 depend on 
r i/ r 3, ^2/^3 and P(x, D) . 

Remark 1.1 From the proof, it suffices to take R± < 1/4. Moreover, the 
constants C andr can be explicitly written as C = max{Co(r2/ri)", exp(Bf5o)} 
and r = B/(A+B), where Cq > 1 and /3q are constants depending on P(x, D) 
and 

A = A(r 1 /r 3 ,r 2 /r 3 ) = (log(ri/r 3 ) - l) 2 - (log(r 2 /r 3 )) 2 , 
B = B(r 2 /r 3 ) = -1-2 log(r 2 /r 3 ). 
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The explicit forms of these constants are important in the proof of Theo- 
rem \1. 6 A 

Theorem 1.2 There exists a constant C depending on P(x,D) such that if 
u G Hl oc {p) is a nonzero solution to ( II. ip with C2 < C ' , then we can find a 
constant R2 depending on P(x, D) and a constant mi depending on P(x, D) 
and ||«|U2 ( | a: | < _ R 2 ) /||'u|| L 2 (N<R 4 ) satisfying 

limsup / \u\ 2 dx > 0. (1.3) 

In view of the standard unique continuation property for (II .ip in a con- 
nected domain containing the origin, if u vanishes in a neighborhood of the 
origin then it vanishes identically in Q. Theorem 11.21 provides an upper 
bound on the vanishing order of a nontrivial solution to (jl.ip . The follow- 
ing doubling inequality is another quantitative estimate of the strong unique 
continuation for (II. ip . 

Theorem 1.3 Letu G Hl oc (Q) be a nonzero solution to (II. ip . Then there ex- 
ist positive constants R3 depending on P(x, D), andC% depending on P(x, D), 
mi such that ifO<r<R^, then 



\u\ dx <C 3 \u\ dx, (1.4) 

\x\<2r J\x\<r 

where mi is the constant obtained in Theorem M.tA 

The rest of the paper is devoted to the proofs of Theorem II. 1111.31 



2 Proof of Theorem 1.1 



This section is devoted to the proof of Theorem 11.11 To begin, we recall a 
Carleman estimate with weight tpp = ipp(\x\) = exp(|(log \x\) 2 ) derived in 



Lemma 2.1 [T5l Theorem 1.2] For any (3 > large enough. Let S be a 
small neighborhood of and u : S \ {0} C Q — > K, u G C^°(S \ {0}). Then 
we have 

(3 3 j ^}\x\- n \u\ 2 dx + (3 J ^\x\~ n+2 \Vu\ 2 dx 
<C J ip}\x\- n+4 \P(x,D)u\ 2 dx, 

for some positive constant Cq depending only on P(x,D). 



(2.1) 
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Remark 2.1 The estimate ( 12. ip m Lemma \2. 1\ remains valid if we assume 
u G H 2 (S\ {0}) with compact support. This can be easily obtained by cutting 
off u for small \x\ and regularizing. 

We now proceed to the main part of the proof. Using regularization, 
Friedrich's lemma, and ellipticity of P(x, D), we can see that if u G Hl oc (Q) 
satisfies (O) then u G Hf oc {Vl \ {0}). To be gin, we first consider the case 
where 0<ri<r 2 <i?<l and Br C Vt. The constant R will be determined 
later. To use the Carleman estimate (12.11) . we need to cut-off u. So let 
i(x) G C °°(M n ) satisfy < £(x) < 1 and 







\x\ < ri/e, 




!' ;: 


ri/2 < a; < er 2 




[ o, 


a; > 3r 2 . 



Here e = exp(l). It is easy to see that for all multiindex a 

\D a £\ = 0(r~ H ) for all n/e < \x\ < n/2 
[£>«£ | = 0(r 2 Ha| ) for all er 2 < \x\ < 3r 2 . 



(2.2) 



On the other hand, repeating the proof of Corollary 17.1.4 in [5J, we can 
show that 

I \\x\ H D a u\ 2 dx<C j \u\ 2 dx, \a\<2, (2.3) 

J air<\x\<a,2r J a,3r<\x\<a,4r 

for all < a 3 < a x < a 2 < 04 such that B aiT C f2, where the constant C is 
independent of r. 

Noting that the commutator [P(x, D), £] is a first order differential oper- 
ator. Applying (J2HD to £w and using (OIL (TO) . Q implies 

2L|-i>L,|2, , a I ,„2|„|-n+2|v7„,|2. 



>/ ri/2<|a;|<er2 J r\/2<\x\<er2 

< p 3 J ^l\x\~ n \iu\ 2 dx + 13 J ^l\x\- n+2 \V{iu)\ 2 dx 

< C J cp 2 p \x\- n+4 \P{x,D){£u)\ 2 dx 
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< C J ipl{Cl\x\- n \iu\ 2 + Cl\x\- n+2 \iVu\ 2 )dx 
+C J cpl\x\- n+A \[P(x,D),£}u\ 2 dx 



< CA / ^\x\~ n \u\ 2 dx + / ^\x\- n+I \Wu\ z dx 

^ J ri/2<\x\<er 2 J r 1 /2<\x\<er 2 

+ f vl\x\- n \u\ 2 dx + [ vl\x\- n+2 \Vu\ 2 dx 

Jr 1 /e<\x\<r 1 /2 J r 1 /e<\x\<r 1 /2 

2UI-riL,|2j„ i / ,„2 U|-n+2|v7„,|2, 



+ / (f 2 p\x\- n \u\ 2 dx + / ^ 2 p \x\- n+2 \Vu\ 2 dx 

J er2<\x\<3r2 J er2<\x\<3r2 



< C 2 \ / cp 2 p \x\- n \u\ 2 dx + / <p 2 p \x\- n+2 \Vu\ 2 dx 

' ri/2<\x\<er 2 J r 1 /2<\x\<er 2 

n,2/ / \ / /l„.|2 i ||„|2v7„.|2n 



+rr n ^(r!/e) / (\u\ 2 + \\x\ 2 Vu\ 2 )dx 

Jri/e<\x\<n/2 

+r 2 ">J(er 2 ) / (|m| 2 + | \x\ 2 Vu\ 2 )dx\ 

J ern<\x\<3ro. 



1 er2<\x\<3r2 
-,2u|-n|„,|2 j„ , / 2i i-n+21 



' r\j2<\x\<e.T2 J r±/2<\x\<er2 



+r 1 n (fp(r 1 /e) / |u| 2 Gfe + r 2 n y^(er 2 ) / \u\ 2 dx 

J r\ / i<\x\<T\ J2r2<\x\<ir2 

(2.4) 

where C\, C 2 , and C3 are independent of r\ and r 2 . Now letting /?o > 1 and 
(3 > fto > 2C* 3 in (12. 4p . we immediately get that 

/ ipl\x\- n \u\ 2 dx + [ (p 2 p\x\- n+2 \Vu\ 2 dx 

Jr 1 /2<\x\<er 2 J rx/2<\x\<er 2 

< cAr± n <p 2 p{ri/e) I \u\ 2 dx + r^ n ip^{er 2 ) / |w| 2 cte 

</ri/4<|ic|<ri J2r2<\x\<ir2 

(2.5) 

where (74 = 1/(73. It follows easily from (I2.5P that 



r 



> 2 (r 2 ) / \u\ 2 dx 



2 



ri/2<|a;|<r2 
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< / n \u\ dx 

Jr 1 /2<\x\<er 2 

< cAr^lin/e) [ \u\ 2 dx + r^ n ifl(er 2 ) [ \u\ 2 dx). 

Jr 1 /4<\x\<r 1 J 2r 2 <\x\<4r 2 * 



(2.6) 



Dividing r 2 n <£>|(r 2 ) on the both sides of (I2.6P implies 

\u\ 2 dx 



r 1 /2<\x\<r 2 

nr. _2 , 



< CMr./nri^in/e)/^)} / \ u \'dx 

^ Jri/4<\x\<ri 



+ b/3( er 2)/^(^2)] / |u| dx 

J2r 2 <\x\<4r 2 



< CA (r 2 /r 1 )"[^(r 1 /e)/^(r 2 )] / \u\ 2 dx 
L J\x\<n 

+ (r 2 /r 1 )"[^(er 2 )/^(r 2 )] / \u\ 2 dx], (2.7) 

where C* 5 = maxjQ, 1}. With such choice of C 5 , we see that 

C 5 (r 2 /rO>KVe)/^(r 2 )] > 1 

for all < r x < r 2 . Adding Jj a .| <r , i//2 |w| 2 <ir to both sides of (12.71) and choosing 
r 2 < 1/4, we obtain that 

\u\ 2 dx 

x\<r 2 

n\,J2 f„ /„\ /,„2 („ M / |„.|2, 
x\<r 1 

n\,J2 / \ /, 2 / M / I 1 2 



< 2C7 5 (r 2 /r 1 n^(r 1 /e)/^(r 2 )] / |«| J dx 



+2C 5 (r 2 /r 1 ) n [^(er 2 )/^(r 2 )] / (2.8) 

'W<i 



For simplicity, by denoting 



A = /T 1 log[^(n/e)/^(r 2 )] = (logn - l) 2 - (logr 2 ) 2 > 0, 
B = -/T 1 log[^ 2 (er 2 )/^ 2 (r 2 )] = -1 - 21ogr 2 > 0, 



(12.81) becomes 

/ |-u| 2 <ir 

J\x\<r 2 

< 2C 5 (r 2 / ri ) n \ exp(A(3) [ \u\ 2 dx + exp(-S/3) / \u\ 2 dx\. 



(2.9) 



To further simplify the terms on the right hand side of (12.91) . we consider 
two cases. If 



exp (A(3 ) / \u\ dx < exp (—Bf3 ) / \u\ dx, 

J \x\<ri J\x\<l 

then we can pick a (3 > (3q such that 

exp (Af3) / |w| 2 (ix = exp (—Bf3) / \u\ 2 dx. 

J\x\<ri J\x\<l 

Using such /3, we obtain from (12.91) that 
/ |w| 2 c&r 

J\x\<r 2 

< 4(7 5 (r 2 /ri) n exp(A/3) / |w| 2 cfe 



x \<n 



B A 
A+B / f \ A+B 



4C 5 (r 2 / ri ) n ( / \u\ 2 dx / |w| 2 dx ) . (2.10) 

'\x\<n J \J\x\<\ 



On the other hand, if 



exp (— B(3q) / \u\ dx < exp (A(3 ) / \u\ dx, 

|cc|<l J\x\<ri 



then we have 

\u\ 2 dx 



X \<T2 



B A 
. A+B IF \ A+B 

2j™ \ / / L.I2, 



< ( / H 2 dx / |w| 2 (ix 

'|x|<l / \J\x\<l 



B A 
A+B IF \ A+B 

2j™ \ / / L.I2 



< exp(S^ )( / H 2 ctej I / |u| 2 dz) (2.11) 

x|<ri / \./|:e|<1 
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Putting together fl2TTU|) . fl2TTTD . and setting C 6 = max{4C 5 (r 2 /r 1 ) n , exp (Bf3 Q )}, 
we arrive at 



B A 
A+B f I" \ A+B 



u\ 2 dx<C 6 [ \u\ 2 dx\ I \u\ 2 dx\ . (2.12) 

x\<r 2 \J\x\Kr! J \J \x\<l / 

Now for the general case, we take R± < 1/4 and consider < r\ < r 2 < r 3 
with ri/rs < r 2 /r 3 < 1/4. By scaling, i.e. defining u(y) := u(r 3 y) and 
aij{y) = dij^sy), we derive from (12.121) that 

\u\ 2 dy <C{f \u\ 2 dy) T { j \u\ 2 dyf-\ (2.13) 

where r = B/(A + B) with 

A = A(r 1 /r 3 ,r 2 /r 3 ) = (log(r x /r 3 ) - l) 2 - (log(r 2 /r 3 )) 2 , 
B = B(r 2 /r 3 ) = -1 - 2 log(r 2 /r 3 ), 

and C = max{4C5(r 2 /ri) n , exp(_B/?o)}- We want to remark that C5 can be 
chosen independent of the scaling factor r 3 provided r 3 < 1. Restoring the 
variable x = r 3 y in (12.131) gives 

\u\ 2 dx <C{j \u\ 2 dx) T { f \u\ 2 dxf- T . 

\x\<T2 J\x\<ri J \x\<rz 

The proof now is complete. □ 



3 Proof of Theorem 1.2 and Theorem 1.3 



In this section, we prove Theorem 11.21 and Theorem 11.31 Without loss of 
generality, we assume P(0, D) = A by the change of coordinates. We begin 
with another Carleman estimate derived in [151 Lemma 2.1]: for any u G 
\{0}) and for any m G {j + |, j G N} we have 



Coo (TS>n 




E 

H<2 



m 2-2\a\\ x \-2rn+2\a\-n\ D a u \2 dx < q 

where C only depends on the dimension n. 



\x\ 



-2m+4-n 



Au\ 2 dx, (3.1) 
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Remark 3.1 Using the cut-off function and regularization, estimate (13.11) 
remains valid for any fixed m if u G if^ c (IR n \{0}) with compact support. 

In view of Remark 13. 11 we can apply (13.11) to the function \u with x( x ) £ 
C °°(M n \{0}). Therefore, we define xO) E C °°(M n \{0}) such that 

{0 if |x| < 5/3, 
1 in 5/2 < \x\ < (Rq + \)RqR/A = r A R, 
if 2r 4 R<\x\, 

where 5 < RqR/4, Rq > is a small number which will be chosen later and 
R is sufficiently small satisfying < R < Rq. Here the number R is not yet 
fixed and is given by R = (7m) ~ 1 , where 7 > is a large constant which 
will be chosen later. Using the estimate (13. ip and the equation (11.11) . we can 
derive that 



Vm 2 ~ 2 H f \x\- 2m+2 ^- n \D a u\ 2 dx 

,| <2 JS/2<\x\<r 4 R 

< J2 m2 ~ 2H J \x\~ 2m+2]ahn \D a (xu)\ 2 dx 



\a\<2 

< C I \x\- 2m+4 - n \A( X u)\ 2 dx 



< C f \x\- 2m+4 - n \Au\ 2 dx + C [ \x\- 2m+4 - n \A( X u)\ 2 dx 

JS/2<\x\<r 4 R J\x\>r 4 R 

+C [ \x\- 2m+4 ' n \A( X u)\ 2 dx 

Js/3<\x\<8/2 

< 6' I \x\- 2m+A - n \Au - P(x,D)u\ 2 dx 

J 8/2<\x\<r 4 R 

+C' [ \x\- 2m+4 - n \P(x,D)u\ 2 dx 

J 8/2<\x\<r 4 R 

+C [ \x\- 2m+4 - n \A( X u)\ 2 dx + C [ \x\- 2m+4 - n \A( X u)\ 2 dx 

J\x\>r 4 R J &/Z<\x\<5/2 



10 



< C J2 r\R 2 [ \x\- 2m+4 - n \D a u\ 2 dx 

,_.,_„ JS/2<\x\<r i R 



\a\=2 



+C'Cf f \x\- 2m - n \u\ 2 dx + C'C 2 2 V / | a .|-2 W H-2-»| jD « 1i |2 da . 

7a/2<|x|<r 4 B i , =1 JS/2<\x\<r 4 R 



-C / | a; |-2 m +4-^| A(xti) |2 rf;E + ^ / \ X \- 2m+4 - n \A( X u)\ 2 dx, 

J\x\>r 4 R JS/3<\x\<5/2 



where the constant C depends on n. 

By carefully checking terms on both sides of (13.21) . we now choose 7 = \J~C' 
and thus 

D 1 1 j 2 D 2 -Ro(-^0 + l) 

it = = . — and r 4 R = — — — — — . 

7m y/C'm lbm z C 

Hence, choosing R < 1 (suffices to guarantee Rq(Rq + 1) 2 /16 < 1/2), m > 
m = m (R ), and C2 sufficiently small such that 

! < 72 0) T HL > C'C 2 , and 1 - C'C\ > 1 



(3.2) 



'(",n ~ "' 2 2' 

we can remove the first three terms on the right hand side of the last inequal- 
ity in (13. 2p and obtain 



V m 2 ~ 2|a| I \x\~ 2m+2 ^- n \D a u\ 2 dx 



|a|<2 



< 2C / |x|- 2m+4 - n |A(xM)| 2 rfa; 

JS/3<\x\<6/2 

+2C [ \x\- 2m+4 - n \A( X u)\ 2 dx. (3.3) 

In view of the definition of x, h is easy to see that for all multiindex a 

\D a X \ = 0(5-W) for all 5/3 < \x\ < 5/2, 
\D a X \ = 0((r 4 R)~W) for all r 4 R < \x\ < 2r 4 R. 
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Note that < r 4 provided R < 1/15. Therefore, using (13 .4p and (I2.3P in 
(13.31) . we derive 



m 2 (25)- 2m - n \u\ 2 dx + m 2 (R 2 R)- 2m - n \u\ 2 dx 

>5/2<\x\<25 J2S<\x\<RlR 



|a|<2 

< 



< m2 ' 2H I \x\- 2m+2 ^- n \D a u\ 2 dx 

| a| <2 Js/2<\x\< ri R 

£ r 4+2|a| f \ X \- 2m+4 - n \D a u\ 2 dx 

| a |< 2 JS/3<\x\<6/2 

+C" ^(r 4J R)" 4+2|a| / \x\- 2m+i - n \D a u\ 2 dx 

< C"5- 2m -" / |w| 2 dx + C /, (r 4J R)" 2m " n / |w| 2 cfe, (3.5) 

J|z|<<5 J\x\<R Q R, 

where C' and C" are independent of Rq, R, and m. 

We then add m 2 (25)~ 2m ~ n L| <<5 / 2 M 2 cfe to both sides of (13.51) and obtain 



-m 2 (25)- 2m " n f \u\ 2 dx + m 2 (R 2 R)- 2m ~ n [ \u\ 2 dx 

2 J\x\<25 J\x\<R%R 

-m 2 (25)- 2m - n [ \u\ 2 dx + m 2 (R 2 R)- 2m - n [ \u\ 2 dx 

2 J\x\<28 J\x\<2S 

+m 2 (R 2 R)- 2m - n [ \u\ 2 dx 

J2S<\x\<RlR 



< \m 2 (25)- 2m ~ n [ \u\ 2 dx + \m 2 (25)- 2m ~ n [ \u\ 2 dx 

2 J\x\<28 2 J\x\<28 

+m 2 (R 2 R)- 2m - n [ \u\ 2 dx 

J25<\x\<RlR 

< (C' + m 2 )5~ 2m - n [ \u\ 2 dx + C"( ri R)- 2m - n [ \u\ 2 dx 

J\x\<8 J\x\<R R 



(C + m 2 )5- 2m - n I \u\ 2 dx 

\x\<5 



+m 2 (R 2 R)- 2m - n C"m- 2 (^) 2m+n [ \u\ 2 dx. (3.6) 

r 4 J\x\<R R 
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We first observe that 



p2 //if? \ 2m + n 

C"m- 2 (^) 2m+ " = Cm' 2 1 



r 4 + 1 

< C"m' 2 {AR ) 2rn+n <exp(-2m) 

for all Rq < 1/16 and m 2 > C". Thus, we obtain that 
1 



-m 2 (25)- 2m - i ' 



/ \u\ 2 dx + m 2 (R 2 R)- 2m ~ n [ \u\ 2 dx 

J\x\<2S J\x\<RlR 

< (C' + m 2 )5- 2m - n [ \u\ 2 dx 

J\x\<8 

+m 2 (R 2 Q R)- 2m - n exp(-2m) / \u\ 2 dx. (3.7) 

J\x\<RnR 



It should be noted that (13.71) is valid for all m — j + \ with j G N and 



2 

j > jo, where jo depends on R . Setting Rj = (7(j + l))^ 1 and using the 
relation m = (7_R) _1 , we get from (13.71) that 

-m 2 (25)- 2m - n [ \u\ 2 dx + m 2 (R 2 Rj)- 2m - n [ \u\ 2 dx 

2 J\x\<25 J\x\<R%Rj 

< (C" + m 2 )eT 2m ~™ / \u\ 2 dx 

J\x\<5 

+m 2 (R 2 R j )- 2m - n exp(-2ci?7 1 ) ! \u\ 2 dx (3.8) 

J \x\<R(,Rj 

for all j > jo and c = 7 _1 . We now observe that 

R j+ i < Rj < 2R j+1 for all j G N. 
Thus, if Rj+i < R < Rj, we can conclude that 

J\x\<r*r \ u \ 2 dx < f\ x \< R 2 Rj \u\ 2 dx, 

exp(-2cRj l ) J mRoR H 2 dx < exp(-c J R- 1 ) j\ x ^ R \u\ 2 dx, 



(3.9) 



13 



where we have used the inequality R Rj < 2_R J+1 /16 < Rj+i to derive the 
second inequality above. Namely, we have from (13.81) and (13.91) that 



[ lufdx + m^RlRj)- 2 ™-" [ \u\ 2 dx 

J\x\<2S J\x\<RZR 



|z|<2<5 J\x\<R^R 

< (C" + m 2 )6~ 2m - n [ \u\ 2 dx 



x\<5 



(3.10) 



+m 2 ( J Ro^)" 2m ~ ri exp(-ci?- 1 ) f \u\ 2 dx. 

J\x\<R 

If there exists s6N such that 

Rj+i < Rl s < Rj for some j > j , (3-H) 
then replacing R by Rq s in (I3.10p leads to 

\m 2 {25)~ 2m - n [ \u\ 2 dx + m 2 (R 2 R j )- 2m - n [ \u\ 2 dx 

2 J\x\<25 ' J\x\<Rl 3+2 

< {& + m 2 )5- 2m - n [ \u\ 2 dx 

J\x\<8 

+m 2 (R 2 R j )- 2m - n exp(-ci?o 2s ) / \u\ 2 dx. (3.12) 

J\x\<R 2s 

Here s and R are yet to be determined. The trick now is to find suitable s 
and Ro satisfying (13. lip and the inequality 

exp(-ci?o 2s ) / \u\ 2 dx < - j \u\ 2 dx (3.13) 

J\x\<R 2s 2 J\x\<Rl 3 + 2 

holds with such choices of s and R . 

It is time to use the three-sphere inequality (jl.2p . To this end, we choose 
n = R 2k+2 } r 2 = R 2k and r 3 = R 2 k ~ 2 for k > 1. Note that n/r 3 < r 2 /r 3 < 
i2g < 1/4. Thus (O) implies 



u\ 2 dxj \ \ufdx < C 1/T ( / \u\ 2 dx/ / |w| 2 rfx) a 



'\x\<R 2k J\x\<R 2k+2 J\x\<R 2 k - 2 J\x\<R 2k 

(3.14) 

where 

C = max{C 0j R - 2n ,exp(/? (-l - 41ogi? ))} 
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and 



1 ~ t _ A (log(ri/r 3 ) - l) 2 - (\og(r 2 /r 3 )f 
r B ~ -l-21og(r 2 /r 3 ) 

(41ogi?o-l) 2 -(21ogi? ) 2 

-l-41o gj R 



It is not hard to see that 



1< C < C R^\ 
2 < a < -41ogi? , 



(3.15) 



where (3\ = max{2n, 4/3 }. Combining (I3.15P and using (I3.14p recursively, we 
have that 



'\x\<R%* 

< C 1 ^ 



\u\ 2 dx/ 



\u\ dx 



x\<R 2 s+2 



\u\ 2 dx/ 



\*\<K 



\u\ 2 dx) a 



\x\<Bg 



< C^^T{ I \u\ 2 dx/ / \u\ 2 dx) aS 

<\x\<R 2 J\x\<R 4 



(3.16) 



for all s > 1. Now from the definition of a, we have r = l/(a + 1) and thus 



,s-i 



r(a — 1) a — 1 
Then it follows from (13.161) that 



' " V • L)< :>«r . 



\u\ 2 dx/ I \u\ 2 dx 

\x\<R 2s J\x\<R 2 s+2 

< c 3( - 4losR ^\[ \u\ 2 dx/ [ 
JIxIkr 2 , J\z 



\u\ 2 dx) a " 



< (Cg(i2o) 



-3/3iN(-41ogi?o) s 



\u\ 2 dx/ 



x\<R* 



u\ 2 dx)° 1 . (3.17) 
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Thus, by (13.171) . we can get that 

exp(— cRq 2s ) / |ti| 2 <ix 

J\x\<F& s 



'\x\<B%> 
^0) 



< exp(-c J R - 2s )(C 3 (i?o^ 3/3l ^ ( - 41ogi?o)S " 1 



\u\ dxj \ \u\ dx) a I \u\ dx. 

\x\<r 2 J\x\<Ro J\x\<Rl 3+2 



(3.18) 



Let fi = — logi?o, then if R (< 1/16) is sufficiently small, i.e., /i is 
sufficiently large, we can see that 

2tfi > (t - 1) log(4/i) + log(logC 3 + 3f3 lf i) - log(c/4) 

for all t G N. In other words, we have that for Rq small 

(C 3 i?o 3/3l ) ( ~ 41ogiJo) " 1 < exp(ci? ~ 2 74) < (1/2) exp( Cj Ro 2 */2) (3.19) 

for all t E N. We now fix such R so that (I3.19P holds. The constants 
m (R ) and jo(Ro) are fixed as well. It is a key step in our proof that we 
can find a universal constant Rq. After fixing R Q , we then define a number 
to, depending on R and u, as 



t = inf{t G M : t > (log 2 - log(ac) + loglog( / \u\ 2 dx/ I 

J\x\<R% J\x 

x(-21og J R -loga)- 1 }. 



\u\ 2 dx)) 



By ( I3.15p . one can easily check that — 21ogi? — loga > for all R < 1/16. 
With the choice of t , we can see that 

( / \u\ 2 dx/ [ lu^dxf' 1 < exp(cR 2t /2) (3.20) 

J\x\<R 2 J\*\<Ro 

for all t > to- 

Let si be the smallest positive integer such that si > to- If 

R% Sl < R j0 = (70*o + 1/2))" 1 , (3-21) 
then we can find a j \ G N with ji > j such that (I3.1ip holds, i.e., 

R jl+ i < R^ S1 < R jx . 
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On the other hand, if 

-^o Sl > (3.22) 
then we pick the smallest positive integer s 2 > si such that R^ S2 < Rj and 
thus we can also find a ji G N with ji > jo for which (13.111) holds. We now 
define 

' ai if (E2U) holds, 
s 2 if <^M holds. 

It is important to note that with such s, (13. lip is satisfied for some ji and 
(I3.19p . (I3.20p hold. Therefore, we set m x = n + 2(j\ + 1/2) and m = (m x — 
n)/2. Combining fl3TT8|) . fl3TT9|) and fl3T2D|) yields that 

exp(— cRq 2s ) / |w| 2 (ix 

< exp (-cR 2s ) (C 3 (R )' 3Pl ) ( ~ 3 log Ro) " 1 

\u\ 2 dx/ I \u\ 2 dx) a3 1] / \u\ 2 dx. 



\x\<B? Q J \x\<Rq ->\x\<Ri 

< - [ \u\ 2 dx 

2 J\x\<R 2 Q s + 2 

which is (I37T3D . Using flBTTBl in fl3TT2|) . we have that 
1 



3 2s+2 



2 /o £\ —2m—n 



^(25) 



[ \u\ 2 dx + -m 2 {RlR n )~ 2m ~ n [ \u\ 2 dx 

J\x\<25 2 J\x\<R 2s+2 



'\*\<B? 

< {& + m 2 )5~ 2m - n [ \u\ 2 dx. (3.23) 



x\<5 



From f)3.23p . we get that 
(mi — n ) 2 



(R 2 R n )~ mi [ \u\ 2 dx<5~ mi [ \u\ 2 dx (3.24) 

J\x\<R 2s+2 J\x\<5 



8C r/ + 2(mi-n) 2V u J J N <^ 



and 



-m 2 (25)- 2m - n [ \u\ 2 dx < (& + m 2 )5- 2m - n [ \u\ 2 dx 

2 J\x\<26 J\x\<5 

which implies 



M ^ < 86 ' + ^ - "> V / M'd,. (3.25) 

|*|<2W (™1 ~ ™) i|x|<5 
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The estimates (EMD and (ET2511 are valid for all 5 < R% s+2 /4. There- 
fore, ([OD holds with R 2 = R . ([I3D holds with R 3 = R 2 s+2 /8 and C 3 = 
8C +2(mi-n) c^m^ an( ^ ^ e proof is now complete. □ 
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